We propose a class of models for a magnonic analog of topological insulators in three dimensions. The models have pseudo-time-reversal symmetry which ensures the existence of bosonic Kramers pairs. We define a set of Z2 topological invariants that characterizes different topological phases and determines the presence or absence of surface Dirac cones. This is demonstrated by considering a bosonic counterpart of the Fu-Kane-Mele model on a diamond lattice. The model is found to exhibit three distinct phases analogous to strong topological, weak topological, and trivial insulator phases of the original fermionic model. We also discuss a possible realization of the thermal Hall effect of surface magnons in the presence of a magnetic field in proximity to a normal ferromagnet.
Introduction.-In recent years, there has been growing interest in studying topological phases of matter [1] [2] [3] . In particular, the discovery of quantum spin Hall insulators [4, 5] attracted a great deal of attention. At their edges, electrons with opposite spins flow in opposite directions. The topological phases of quantum spin Hall insulators are characterized by the Z 2 topological invariant [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The concept of quantum spin Hall insulators has been extended to three dimensions (3D). 3D topological insulators have topologically protected surface states with Dirac dispersion [18] [19] [20] [21] [22] . Previous studies on 3D topological insulators have revealed that they show richer properties than those in 2D. For example, magnetoelectric properties of topological insulators are described by axion electrodynamics [9] . One of the interesting phenomena is an image magnetic monopole induced by an electric charge brought near the surface of a 3D topological insulator [23] . The coupling between electric and magnetic properties of electrons on the surface implies the potential to control magnetic textures using electric fields [24] , which suggests potential applications in spintronics.
As well as electrons, bosonic particles such as magnons [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , photons [39] [40] [41] [42] [43] [44] , phonons [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , and triplons [55] , have been shown to exhibit fascinating phenomena which originate from the topology of band structures. Among the bosonic systems, of great interest are magnons. The research on topological magnon systems was triggered by the prediction of the thermal Hall effect of magnons [25] , which was soon observed in the pyrochlore ferromagnet Lu 2 V 2 O 7 [32] . Examples include the magnonic analog of spin Hall insulators [56, 57] , and topological semimetal phases as well [58] [59] [60] [61] [62] . The topological properties of the magnon systems with a bulk band gap are characterized by the presence of gapless surface states. In the previous study, we have defined the Z 2 topological invariant that determines the presence or absence of magnonic helical edge states [63] . The Z 2 topological invariant is defined based on the symmetry of the pseudo-time-reversal operator whose square is equal to −1. The Z 2 topological phases of magnons have so far * kondou@cams.phys.s.u-tokyo.ac.jp been limited to 2D systems. However, as in the case of electrons, we expect that topologically protected surface states of magnons in 3D exhibit novel phenomena arising from the coupling of their spin and orbital motion, which never appear in 2D.
In this letter, we propose three models of magnonic analog of 3D topological insulator, which we dub the 3D topological magnon systems. They are described by a bosonic Bogoliubov-de Gennes (BdG) Hamiltonian. One of the features of such systems is the non-Hermiticity. According to the classification of topological phases of non-Hermitian systems [64] , our models belong to the symmetry class AII in 3D. Following our previous work [63] , we define a set of topological invariants for these systems based on Kramers pairs in bosonic systems. We discuss the correspondence of these topological invariants with the parity of the number of the surface Dirac cones. One of the three models is reminiscent of the Fu-Kane-Mele model [18] . Since this model has inversion symmetry, one can apply a bosonic counterpart of the simplified formula for the topological invariant [65] , allowing us to compute it analytically. At the end of this letter, we predict that the thermal Hall effect occurs in the existence of the surface magnetic field.
Definition of topological invariant.-We consider a system of non-interacting bosons in 3D lattices. Assuming translational invariance, a generic quadratic Hamiltonian describing the system is given by
Here, β † (k) = [β † 1 (k), · · · , β † N (k)] denotes boson creation operators with momentum k = (k x , k y , k z ). The subscript N is a number of internal degrees of freedom in a unit cell. The 2N × 2N Hermitian matrix H(k) is a bosonic BdG Hamiltonian.
We consider the pseudo-time-reversal operator Θ ′ which is introduced in our previous work [63] . This operator is written as Θ ′ = P K, where P and K are a paraunitary matrix satisfying P † Σ z P = Σ z and the complex conjugate operator, respectively. Here, Σ z is defined as a tensor product Σ z := σ z ⊗ 1 N where σ a (a = x, y, z) is the a-component of the Pauli matrix acting on the particle-hole space and 1 N is the N × N identity matrix. As shown in Ref [63] , a 2N -dimensional complex vector ψ and Θ ′ ψ are orthogonal, i.e., ψ, Θ ′ ψ = 0 under the scalar product defined by
where, φ † is the adjoint of the vector φ. Then the existence of bosonic Kramers degeneracy follows from the pseudo-time-reversal symmetry: 
The region corresponding to the effective Brillouin zone EBZ x,0 :
Assuming the pseudo-time-reversal symmetry, we define the Z 2 topological invariants for 3D magnon topological systems as follows:
where n is a band index and i = x, y, z. Here, j and k represent two of x, y, z which are different from i. The index σ = ± indicates the particle and hole spaces. The notation EBZ i,0 (EBZ i,π ) stands for the effective Brillouin zone in the k i = 0 (k i = π) plane, which is defined as
Its boundary is denoted by ∂EBZ i,0 (∂EBZ i,π ). 3D Brillouin zone and one of the effective Brllouin zones, EBZ x,0 , are shown in Fig. 1 . Here we note that any 3D lattice can be deformed so that the Brillouin zone becomes a cube as shown in Fig. 1 (a) without changing the topology of the band structure. Using an index l(= 1, 2) for Kramers doublet, A nσ (k) and Ω nσ (k) are defined as
where the Berry connection A nlσ (k) and Berry curvature Ω nlσ (k) for bosons are given by
Here, Ψ nlσ (k) is an eigenvector of Σ z H(k). As mentioned in Ref. [63] , the topological invariants of the particle and hole have the same value: ν n+ i,0 = ν n− i,0 , ν n+ i,π = ν n− i,π . Thus, it suffices to consider the case σ = +. In the following, we drop σ and simply write ν n+ i,0 and ν n+ i,π as ν n i,0 and ν n i,π , respectively.
The number of the surface Dirac cones appearing in a bulk band gap can be understood in terms of the Z 2 topological invariants. For a given bulk gap, oddness or evenness of the number of in-gap Dirac points at time-
where E n (k) is the energy of the nth band and ǫ 0 is a fictitious Fermi energy that can be arbitrary as long as it lies in the gap. Since ν i,0 + ν i,π corresponds to the parity of the total number of the surface Dirac points, one has ν x,0 + ν x,π = ν y,0 + ν y,π = ν z,0 + ν z,π mod 2. (11) Due to this equation, only four of the six topological invariants are independent. Thus the topological phases of the system are completely characterized by the set of four topological invariants: (ν 0 ; ν x , ν y , ν z ), where
Following the discussion in Ref. [18] , for ν 0 = 1, there exist odd number of surface Dirac cones in total. Such a topological phase is robust against disorder respecting pseudo-time-reversal symmetry and corresponds to the strong topological phase of electronic topological insulators. If the four topological invariants are all zero, the system is in the trivial phase. When ν 0 = 0 but at least one of ν i (i = x, y, z) is nonzero, there exist even number of surface Dirac cones in total. However, this phase is not robust even against perturbations preserving pseudotime-reversal symmetry, because even number of surface Dirac cones can be paired up and removed, resulting in the opening of a gap.
Models.-Now we propose a model Hamiltonian of 3D topological magnon systems. We assume that the bosons with up and down spins have the same number of internal degrees of freedom. For such systems, the set of boson creation operators β † (k) in Eq. (1) takes the form:
Here, the creation operators of boson with up spins b † ↑ (k) and those with down spins b † ↓ (k) are given by
where N is the number of the internal degrees of freedom. The operator b † s,i (k) creates a boson with spin s (s =↑, ↓) at site i. In this setup, we take the pseudo-time-reversal operator to be of the form
Here we introduce our first example, which is constructed in a magnetic system on the diamond lattice (see Section I in Supplemental Material for details). By applying the Holstein-Primakoff and Fourier transformation, we can write down the Hamiltonian in the same form as Eq. (1) with N = 2. The matrix H(k) here is proportional to the length of spins S. In the following, we take S = 1 for simplicity. The explicit expression for the matrix H(k) is written as follows:
where h(k) and ∆(k) are 4 × 4 matrices defined as
with Γ (1, 2, 3, 4, 5) 
These Γ matrices satisfy the standard anticommutation relations:
where k i = k · a i and k ij = k i − k j and all the parameters are real. The vectors a i (i = 1, 2, 3) are the three lattice prime vectors of the diamond lattice. We note that the Hamiltonian (18) satisfies the pseudo-time-reversal symmetry (3).
Let us now compute the Z 2 topological invariants. Thanks to the inversion symmetry of the system, one can compute them analytically by using a simplified formula which can be thought of as the bosonic counterpart of the formula derived in Ref. [65] (see Section II in Supplemental Material for details). The results are summarized in Table I . We have checked that the topological invariants obtained are the same as those obtained by evaluating Eq. (4) numerically. Table I suggests that the system is in the strong topological phase, i.e., odd number of Dirac cones exist between the top and bottom bands in the particle space (the correspondence of topological invariants to the number of Dirac cones is confirmed later). The bulk band structure with the same parameters as those of Table I is shown in Fig. 2 (a). Since the system has both the pseudo-time-reversal symmetry and inversion symmetry, the energy spectrum is doubly degenerate over the whole Brillouin zone. We note that nontrivial topological phases can be realized when at least two of J − , D, and Γ are nonzero [66] . 1 (ν n 0 ; ν n x , ν n y , ν n z ) (1;1,1,1) (1;1,1,1)
We now construct a phase diagram of the diamond lattice system by computing the simplified formula of topological invariants analytically. The resulting phase diagram is shown in Fig. 2 (b) (see Section II in Supplemental Material for a detailed derivation). By changing the coupling constants, three phases: strong topological, weak topological, and trivial phases are all realized. The band structures for a slab with (100) face of the system which is deformed to a cubic lattice are shown in Fig. 3 . As we expect from the general arguments of the relation between the topological invariants and the number of the surface Dirac points. In weak topological phases (0; 111) and (0; 100) ( Fig. 3 (a) and (b), respectively), there are even number (2 and 0, respectively) of surface Dirac cones. On the other hand, in strong topological phases (1; 111) and (1; 100) ( Fig. 3 (c) and (d), respectively), there are odd number (1 and 3, respectively) of surface Dirac cones. On general grounds, it is expected that the surface states arising in the strong topological phase exhibit magnon spin-momentum locking [67] . The bulk band structure of the system. Taking a 1 = (1, 0, 0), a 2 = (0, 1, 0), and a 3 = (0, 0, 1), we here deform the diamond lattice into an equivalent cubic lattice. Parameters are chosen to be J 0 = 1.4,
The symmetry points are Γ = (0, 0, 0), X = (π, 0, 0), M = (π, 0, π), and R = (π, π, π). (b) The phase diagram of the system as a function of J 0 and J 1 . In each phase, the corresponding topological indices are indicated by
. The other parameters are chosen to be
. The dashed line indicates the phase boundary between two phases with different weak indices.
In this part, we show that the magnonic system with nonzero J ′ is in the topological phase corresponding to that of the Fu-Kane-Mele model [18] , whose Hamiltonian is essentially the same as Eq. (18) with J ′ = 0. Numerical results suggest that the band gap of H(k) closes only at TRIM, in which case this magnon systems is adiabatically connected to the system of J ′ = 0 without closing a gap. This can be seen as follows. We first note that the band gap at TRIM k = Γ can be written as
(see Section II in Supplemental Material for a detailed derivation). Clearly, ∆E = 0 if d 1 (Γ) = 0 and ∆E > 0 otherwise. Now suppose that the gap opens at J ′ = 0. This implies d 1 (Γ) = 0 at all TRIM. Then one finds that the gap does not close even if one takes J ′ → 0. This proves the desired result.
So far we have focused on the model on the diamond lattice. However, the physics of the 3D topological magnon systems is not limited to this lattice. To illustrate this, we have constructed two other examples: one is defined on the perovskite lattice and the other on the the pyrochlore lattice. In both cases, the validity of the relation between the set of topological invariants and the number of the surface Dirac points has been confirmed (see Section IV and V in Supplemental Material for details). Thermal Hall effect.-We now turn to discuss the physical implications of surface Dirac cones in the strong topological phase. For electronic systems, previous studies have shown that the surface Dirac dispersions in a 3D topological insulator can be gapped out by applying a magnetic field on the surface [68, 69] . In general, such states have nonzero Berry curvature, leading to the surface quantum Hall effect. Here we show that the magnonic counterpart of this phenomenon occurs in our system. To this end, we consider a heterostructure of a ferromagnet and a 3D topological magnon system shown in Fig. 4 . To be concrete, we take the diamond lattice system as a 3D topological magnon system. We assume that the magnetic field emanating from the ferromagnet is weak enough not to affect the magnetic order in the substrate. The effective Hamiltonian for the system with (001) sur-face under the magnetic field is derived in Section VI in Supplemental Material. The band structure of the surface Hamiltonian around the fictitious Fermi energy is shown in Fig. 5(a) . We can see that the gapless surface states is gapped out by applying the magnetic field, which leads to the nonzero Berry curvature shown in Fig. 5(b) . Clearly, the Berry curvature obtained is non-vanishing around the band edges, resulting in the nonzero thermal Hall coefficient [70] (see Section VI in Supplemental Material for details). 
Summary.-In this letter, we proposed three models of 3D topological magnon systems that host topologically protected surface Dirac cones. The models have pseudotime-reversal symmetry which allows us to define the set of Z 2 topological invariants that can distinguish different phases of these systems. For a model on the diamond lattice, we computed the topological invariants analytically by exploiting the inversion symmetry of the system. The analysis of these topological invariants revealed that the model exhibits strong topological, weak topological, and trivial phases, in which the number of surface Dirac points is odd, even, and zero, respectively.
We also studied the topological invariants in the other two models numerically and found the same correspondence. As a physical consequence of the presence of surface Dirac dispersions, we discussed the thermal Hall effect in the composite system consisting of a ferromagnet and a 3D topological magnon system. In this setup, the Zeeman field at the interface gaps out the surface Dirac dispersions, leading to the nonvanishing Berry curvature, and hence a nonzero thermal Hall response. Finally, we remark that the present formulation of the Z 2 topological invariants can be applied to other bosonic systems such as phonons and photons, as long as they respect pseudo-time-reversal symmtery.
Supplemental materials for: Three-dimensional magnon topological systems
I. Magnonic counterpart of Fu-Kane-Mele model
In this part, we propose a model of magnonic counterpart of Fu-Kane-Mele model. This is a system in which two spins with the opposite directions are localized at each site of the diamond lattice. The system is depicted in Fig. 6 . The Hamiltonian of the system is written as
Here, H DM is the Dzyaloshinskii-Moriya (DM) interaction between next-nearest-neighbor spins which point in the same direction. The second term H J ′ is the antiferromagnetic interaction between two spins on the same lattice site.
The third term H J is the ferromagnetic interaction with the bond dependence between nearest-neighbor spins aligned in the same direction. The magnon band structure opens a gap due to the bond dependence. The terms H XY and H Γ are the XY Heisenberg and Γ interactions between next-nearest-neighbor spins pointing in opposite directions. The last term H κ is the single ion anisotropy. They are written as follows:
where S i,u and S i,d are the operators of up and down spins localized at the site i, respectively. The operator S s (R, X) (s = u, d) is the another expression of S i,s (s = u, d) for the site i to be X sublattice in the unit cell with the lattice vector R. The vector a ij is defined as a ij = a i − a j . The DM vectors D i (D ij ) is written as
) are the two nearest neighbor bond vectors traversed between sites (R, A) and (R + a i , A) ((R, A) and (R + a ij , A)). Figure 7 shows the details of d 1,2 i (R). The bond dependence of the Heisenberg interaction (24) originates from pressure-induced lattice distortion. HereD i andD ij are written asD i = D i /D andD ij = D ij /D, respectively. Applying the Holstein-Primakoff transformation, the Hamiltonian (21) boils down to the same form as Eq. (18). We take the operators b † ↑ (k) and b † ↓ (k) in Eq. (16) as
II. Simplified expressions of the topological invariants of the diamond lattice system
If a system has inversion symmetry, the expression of the topological invariants for topological insulators can be greatly simplified [65] . The same discussion can be applied to magnon systems. In this part, by using inversion symmetry, we analytically calculate the topological invariants for diamond lattice system. The Hamiltonian (69) satisfies the following inversion symmetry:
where R is an inversion operator defined as R := 1 2 ⊗ 1 2 ⊗ σ x . Following the discussion in Ref. [65] , topological invariants for 3D topological magnon systems with inversion symmetry can be written as (−1) ν0 = n1=0,1;n2=0,1;n3=0,1 δ m=(n1n2n3) ,
where i = x, y, and z. Since Σ z H(k) commutes with the inversion operator R at TRIM: Γ m = π(n 1 , n 2 , n 3 ), an energy eigenvector Ψ n,1,+ (Γ m ) can be chosen to be an eigenvector of R. Here, we write the eigenvalue of R as ξ n (Γ m ). Then, δ m=(n1n2n3) is defined as the product of ξ n (Γ m ) over the bands below the fictitious Fermi energy:
Now, we assume that the Fermi energy lies between two bands in the particle space. In this case, δ m=(n1n2n3) is an eigenvalue of R with eigenvector of the lower band Ψ 2,1,+ (Γ m ). In the following, we obtain the expression of Ψ 2,1,+ (Γ m ). At the TRIM, the Hamiltonian of the diamond lattice system (69) is written as
The eigenvectors of the matrix h 1 (Γ) are written as:
where the corresponding eigenvalues are ǫ ± (Γ) = d 0 ± |d 1 (Γ)|. Here, γ(k) is defined as γ(k) = −d 1 (k) − id 2 (k). The concrete expressions of d 0 and d i (k) (i = 1, · · · , 5) are given in the main text. We note that imaginary part of γ(k), i.e. d 2 (k), vanishes at TRIM. If we write the eigenvector of Σ z H(Γ) as
the eigenvalue equation can be written as follows:
This results in the following relation:
In order for the formula to have a nontrivial solution, the determinant of the matrix in the left hand side must be zero. Then, we obtain the following equation:
Therefore, we obtain the energy eigenvalues in the particle space:
We can see that E + (Γ) and E − (Γ) correspond to the top and bottom bands, respectively. Now we focus on the bottom band. By using θ(Γ) defined as
coefficients α and β of the normalized wave function of the bottom band are written as α = cosh (θ(Γ)) and β = sinh (θ(Γ)), respectively. Then, the eigenvector of the bottom band Ψ 2,1,+ (Γ) are given by:
We can see that this is an eigenvector of R. The corresponding eigenvalue is sgn[γ(Γ)]. Then, δ m=(n1n2n3) in Eq. (32) can be written as
By using this, the strong index for the diamond lattice system is given by
The other three indices are written as follows:
III. The analytical expressions of energy eigenvalues
In the case of Γ = 0, the energy spectrum of the Hamiltonian of the diamond lattice system (21) can be obtained analytically. By using the unitary matrix U (k) (details of U (k) are shown later), Σ z H(k) can be written as follows:
where Q n (k) (n = 1, 2) are defined by
Here λ n,± (k) is written as
We note that the matrix U † (k)(Σ z H(k)) 2 U (k), whose eigenvalues are equal to the square of the ones of Σ z H(k), is the block diagonal:
This suggests that the square of the energy eigenvalue E 2 (k) can be obtained as the eigenvalues of Q 1 (k)Q 2 (k):
Since this matrix can be divided into two parts, the eigenvalues are calculated from the following equation:
Then, one has
Finally, the eigenvalues of Σ z H(k) are written as follows:
where ρ 1 , ρ 2 , ρ 3 = ±. We note that due to the pseudo-time-reversal and inversion symmetry, these eigenvalues doubly degenerate and satisfy E ρ1,+,ρ3 (k) = E ρ1,−,ρ3 (k).
In the following, we show how to construct the matrix U (k). This is written as the product of three unitary matrices U 1 , U 2 , and U 3 (k), i.e. U (k) = U 1 U 2 U 3 (k). The first matrix U 1 is the one which diagonalizes C := σ y ⊗ σ y ⊗ 1 2 . Since C anticommutes with Σ z H(k), U 1 makes Σ z H(k) off diagonal:
where
The second matrix is given by
Here u is a 4 × 4 matrix and diagonalizes c := σ x ⊗ σ z which anticommutes with d 0 1 4 + R 1,2 (k). By the unitary transformation using u, d 0 1 4 + R 1,2 (k) becomes off diagonal:
Since r ij (k) (i, j = 1, 2) commute with each other, they are diagonalized by the same unitary matrix v(k) as follows:
By using v(k), the third matrix U 3 (k) is defined as U 3 (k) = 1 4 ⊗ v(k). Now we can construct the matrix U (k) and obtain the unitary-transformed Hamiltonian Eq. (47) .
IV. Second model of 3D topological magnon systems: perovskite lattice system
The second example of 3D magnon topological systems is a system in which two spins with the opposite directions are localized at each site of perovskite lattice. The system is depicted in Fig. 8 . The Hamiltonian of the system are written as
Here, H DM , H J are the DM and ferromagnetic Heisenberg interactions between nearest-neighbor spins aligned in the same direction. The third term H XYZ is the XYZ Heisenberg interactions between nearest-neighbor spins pointing in opposite directions. The other terms H J ′ and H κ are the antiferromagnetic interaction between spins at the same lattice sites and the single ion anisotropy, respectively. The single ion anisotropy opens the gap of the band structure. Each term of the Hamiltonian is written as
Here, we take the spin directions as ±s = ±(s 1 , s 2 , s 3 ) and write corresponding spin operators as S i,u , S i,d , respectively. The Hamiltonian of XYZ Heisenberg interaction is written as follows: Here, the most general Hamiltonian satisfying Eq. (3) takes the form:
where h i (k) and ∆ i (k) for i = 1, 2 are 3 × 3 matrices and satisfy h †
. Applying the Holstein-Primakoff transformation, the Hamiltonian (64) boils down to the same form as Eq. (69) . We take the operators b † ↑ (k) and b † ↓ (k) in Eq. (16) as
Writing the length of the spin as S, the concrete expressions of h 1 (k), h 2 (k), ∆ 1 (k), and ∆ 2 (k) are given by
Here J ± is defined as J ± = (J x ± J y )/2.
Using the numerical implementation described in [7] , we calculate the topological invariants of the system. The results are shown in Table II . We note that the realization of nontrivial topological phases depend on the direction of spins s. For example, in the case of s = (0, 0, 1), the band structure is topologically trivial, while the index ν n 0 = 1 (n = 1, 2) in Table II implies that the system is in the strong topological phase if s 1 = −(2 + √ 2)/4, s 2 = (2 − √ 2)/4, s 3 = 1/2. In order to see the correspondence between the topological invariants in Table II and the number of Dirac cones, let us plot the band structure of the system. The band structure of the bulk system and a slab with (001) face are shown in Fig. 9 . As far as we investigate this system, the strong topological phase is realized only in the system with the indirect gap. 
V. Third model of 3D topological magnon systems: pyrochlore lattice system
We give another model of 3D magnon topological systems. This is the system in which the same number of up and down spins are localized at the same site of the pyrochlore lattice. The picture of the system is shown in Fig. 10 . The Hamiltonian of the system are written as
where H DM and H J are DM and ferromagnetic interactions between nearest neighbor spins which point in the same direction. The third term H XYZ is the XYZ Heisenberg interaction between nearest neighbor spins pointing in opposite directions. The details of the DM interactions in the pyrochlore lattice are shown in Section VII. The other terms H J ′ and H κ are the antiferromagnetic interaction between two spins on the same site and the single ion anisotropy, respectively. The single ion anisotropy opens the gap of the band structure. The Hamiltonians H DM , H J , H J ′ , and H κ are given by
where operators S i,u and S i,d denote up and down spins on site i, respectively. The XYZ interaction H XYZ is written as
Applying the Holstein-Primakoff transformation, we rewrite the Hamiltonian (82) as the same form as Eq. (69).
Using the numerical implementation described in [7] , we calculate the topological invariants of the system. The results are shown in Table III . Table III suggests that the system has even, even, and odd number of Dirac cones in the highest, second highest, and the third highest band gaps, respectively. In order to confirm this, we calculate the band structure of the system. The band structure of the bulk system and a slab with (001) face is shown in Fig. 11 . A single Dirac cone exists at the M 2 point in the lowest band gap. This corresponds to the strong topological index ν 4 0 = 1. The second and third lowest band gaps have two Dirac cones. This means that the summations of the strong topological index over the lowest two and three bands are zero: n ν n x,0 ν n x,π ν n y,0 ν n y,π ν n z,0 ν n z,π (ν n 0 ; ν n x , ν n y , ν n z ) 1 1 
VI. The thermal Hall effect on the surface
In this section, we discuss the thermal Hall effect on the surface of a 3D magnon topological systems. Previous studies [68, 69] showed that the surface states of 3D topological insulators can be gapped out by applying a magnetic field to the surface. In general, such states are shown to have a nonzero Berry curvature. First, we derive the effective Hamiltonian of the surface of the system. Let us consider the projection onto the subspace of two bands above and below the Dirac cone we focus on. Denoting the two bands as n and n + 1, we define the set of the wave functions of these bands as
The Hamiltonian projected onto this subspace is a 4 × 4 matrix and written as
Expanding the Hamiltonian H n (k) to the second order in k z and the first order in (k x − π) and (k y − π). we denote the terms depending on (k x − π) or (k y − π) as H xy (k x , k y ). The other terms are denoted as H z (k z ). We write the energy of the center of the Dirac cone as E 0 . The state ψ(z) which is localized on the (001) surface is obtained as the eigenvector of the Hamiltonian H z (−i∂ z ) with the eigenvalue E 0 :
Here we take ψ(z) as
The parameter λ is obtained by solving
This is an eighth order equation in λ and has eight solutions. Four of them are positive and the other are negative. The negative solutions correspond to states localized on the (001) surface. Here we focus on the positive solutions corresponding to states localized on the (001) surface. Due to the time-reversal symmetry, each two of the eight solutions are the same. Thus, we write two positive solutions as λ 1 and λ 2 and define the corresponding two constant vectors as ψ 1 and ψ 2 . The pseudo-time-reversal operator in the subspace of nth and (n + 1)th bands is defined as Θ = (iσ y ⊗ 1 2 )K. The vectors Θψ 1 and Θψ 2 are also the solutions with λ 1 and λ 2 , respectively. Then the wave function which satisfies Eq. (97) is generally written as ψ(z) = (α 1 ψ 1 + β 1 Θψ 1 ) e λ1z + (α 2 ψ 2 + β 2 Θψ 2 ) e λ2z .
Since λ 1,2 > 0, this satisfies the condition ψ(−∞) = 0. Using the other boundary condition that the wave function vanishes on the surface z = 0, i.e. ψ(0) = 0, we obtain four simultaneous equations for the coefficient α 1 , β 1 , α 2 and β 2 :
Since the determinant of the matrix (ψ 1 , Θψ 1 , ψ 2 , Θψ 2 ) is zero, the above equation has a nontrivial solution. The overall factor of the four coefficients α 1 , β 1 , α 2 and β 2 is determined by the normalization condition: 
where the matrix element ψ| H xy (k x , k y ) |ψ is defined as
The other three matrix elements are defined similarly. By applying the magnetic field B = Be z , the additional term −BSσ z appears in the Hamiltonian. The band structure of the surface is obtained by diagonalizing the Hamiltonian H eff (k x , k y ) by a unitary matrix. The Berry curvature of the system is defined as Ω z n (k x , k y ) = 2Im (∂ kx ψ † n (k x , k y ))(∂ ky ψ n (k x , k y )) . Figure 12 shows the band structure of the surface Hamiltonian without and with the surface magnetic field. We can see that the surface state can be gapped out by applying the surface magnetic field. Figure 13 shows the Berry curvature of the top and bottom bands under magnetic field, respectively. Since the surface state has nonzero Berry curvature, the thermal Hall coefficient calculated in Ref [26] : Fig. 12(b) .
VII. Details of the DM interaction in the pyrochlore lattice system
Here we write the details of DM vectors in the pyrochlore lattice system. The nearest neighbor bonds of the pyrochlore lattice are shown in Fig. 14. Here X(R) is the X sublattice in the unit cell with the lattice vector R. We write the DM vector between two sites X(R) and X ′ (R ′ ) as D(X(R), X ′ (R ′ ))(≡ D ij ). The unit vector from the site X(R) to X ′ (R) is defined as −−→ XX ′ . Each DM vector of the pyrochlore lattice is written as 
